Abstract. A graph G is said to be determined by the spectrum of its Laplacian matrix (DLS) if every graph with the same spectrum is isomorphic to G. van Dam and Haemers (2003) conjectured that almost all graphs have this property, but that is known to be the case only for a very few families. In some recent papers it is proved that the friendship graphs and starlike trees are DLS. If a friendship graph and a starlike tree are joined by merging their vertices of degree greater than 2, then the resulting graph is called a path-friendship graph. In this paper, it is proved that the path-friendship graphs are also DLS.
Background Materials
In this section, some known results are given which are crucial throughout this paper. We also review the most important results on DLS-graphs. Let us start by the main properties of these graphs.
Theorem 2.1 ( [16, 21, 23] ). The following can be obtained from the Laplacian spectrum of a graph:
i) the number of vertices, ii) the number of edges, iii) the number of spanning trees, iv) the number of components, v) the sum of the squares of the degrees of the vertices.
We note that the spectrum of the adjacency matrix of a graph gives other information including the number of closed walks of any given length, whether the graph is bipartite or not, whether it is regular or not, and if it is, the degree of regularity. The next theorem relates the Laplacian spectra of complementary graphs.
Theorem 2.2 ( [8, 9] ). Let µ 1 ≥ µ 2 ≥ . . . ≥ µ n = 0 and µ 1 ≥ µ 2 ≥ . . . ≥ µ n = 0 be the Laplacian spectra of G and G, respectively. Then µ i = n − µ n−i for i = 1, 2, . . . , n − 1.
For graphs G and H, we let N G (H) be the number of subgraphs of a graph G that are isomorphic to H. Further, let W G (i) be the number of closed walks of length i in G and W ′ H (i) be the number of closed walks of length i in H that cover the edges of H. Then W G (i) = N G (H)W ′ H (i), where the sum is taken over all connected subgraphs H of G for which W ′ H (i) = 0. This equation provides formulas for calculating the number of some short closed walks in a graph. Note that if tr(M) denotes the trace of the matrix M, then W G (3) = tr(A 3 (G)) (with an n-cycle having 2n closed walks of length n).
Theorem 2.3 ( [18]
). Suppose G is a graph with exactly m edges. The number of closed walks of lengths 2, 3, and 4 in G can be computed by the following formulas:
Turning to the degrees of the vertices in graphs, as before, we let d i denote the degree of vertex v i in a graph G, and assume that The next result uses the quantity θ(v) = Σ degu degv , where the sum is taken over the neighbors u of the vertex v.
Moreover, equality holds if and only if G is a regular or a semi-regular bipartite graph. 
Based on this equality, Liu and Huang [14] defined the following graph invariant for a graph G:
Theorem 2.10 ( [19] ). The only connected graphs whose largest Laplacian eigenvalue is less than 4 are paths and odd cycles.
) is a graph with n = 2a + b + 2c + 3d + 1 vertices consists of a triangle(s), b pendant edge(s), c pendant path(s) of length 2 and d pendant path(s) of length 3, sharing a common vertex. Ma and Wei [15] proved that the graph G(a, b, c, d) is determined by its Laplacian spectrum. Omidi [19] characterized all graphs with the largest Laplacian eigenvalue at most 4. As a consequence, he proved that the graphs with the largest Laplacian eigenvalue less than 4 can be determined by their Laplacian spectra.
There are some other graphs that can be characterized by their Laplacian spectra. These are the friendship graph F s and butterfly graph B r,s [4, 13, 22] , W n and S(n; c; k) [12, 13] , K m n and U n,p [24] and firefly graph F s,t,n−2s−2t−1 [11] . We conclude this section with a major result known as Cauchy's interlacing theorem [3] . It does not explicitly involve graphs, but will prove to be very useful when applied to graphs.
Main Results
In this section, it is proved that all path-friendship graphs are DLS . Recall that these graphs are defined as the coalescence of a friendship graph rooted at its central vertex and a collection of paths rooted at one end. We note that a starlike tree, often defined as a tree with exactly one vertex of degree greater than 2, can also be thought of as the coalescence of at least three paths rooted at an end, which becomes its root. For convenience, we include a path rooted at any vertex as being a rooted starlike tree, with 1 or 2 paths. With this convention, a path-friendship graph G is the coalescence of a friendship graph F s with s triangles and a starlike tree T , that is, G = F s • T . We let G(s, k) denote any such graph in which the friendship graph F s has s triangles and the starlike tree has k paths. Note that in general it is not uniquely defined.
Our main result builds on the fact that two constituent parts of friendship graphs are, on their own, each DLS families. For friendship graphs, this was shown by Liu et al. [13] , and for starlike trees independently by Feng and Yu [5] and by Omidi and Tajbakhsh [20] . The following two lemmas provide some information about the eigenvalues of graphs that are L-cospectral with G(s, k).
Proof. If k = 0, then G = G(s, 0) = F s and the proof is straightforward. If k ≥ 1, then by Lemma 2.4 µ 1 (G) ≥ 2s + k + 1 and by Lemma 2.5 µ 1 (G) ≤ 2s + k + 2. This implies that 2s+k +1 ≤ µ 1 (H) = µ 1 (G) ≤ 2s+k +2 and the proof is completed.
Proof. Let v be a vertex with maximum degree in G, and let M v be the (n−1)×(n−1) principal submatrix of L(G) formed by deleting the row and column corresponding to v. Since M v contains negative entries, we consider |M v | which is obtained by taking the absolute value of the entries of M v . Now M v is reducible, but it has s + k irreducible submatrices that correspond to the components of G − v. On the other hand, each of these components has spectral radius strictly less than 4, so one can conclude that the largest eigenvalue of |M v | is less than 4, and so is that of M v . By Theorem 2.11, µ 2 (G) < 4 and so µ 2 (H) < 4, as desired. Proof. By Lemma 3.4, µ 2 (H) < 4, and thus it follows from Theorem 2.6 that d 2 (H) ≤ 3. Since H and G are L-cospectral, by Theorem 2.1, H is also connected, and has the same order, size, and sum of the squares of its degrees as G. Let n i denote the number of vertices of degree i in H, for i = 1, 2, . . . , d 1 (H). Then (1)
where n (1), (2), and (3) with coefficients 2, −3, 1, respectively, we get:
By Lemma 3.3, 2s + k + 1 ≤ µ 1 (H) ≤ 2s + k + 2. It follows from Theorem 2.4 that
On the other hand, by Lemma 3.4 and Theorem 2.6 one can conclude that 2s
Therefore, we have 2s + k − 2 ≤ d 1 (H) ≤ 2s + k + 1. It follows from Theorem 2.9 that
Our main proof will consider some cases as follows:
(1) d 1 (H) = 2s + k − 2. We first assume that n 2s+k−2 = 1. In this case,
. From (4) and by a straightforward calculation, we get:
from which we conclude that n 3 = 4s + 2k − 5. By Equations (2) and (3), it follows that n 2 = n − 8s − 5k + 11 and n 1 = 4s + 3k − 7. Furthermore, from (5) we deduce that N H (C 3 ) = (−k 2 + 6k) + (−4s 2 + 13s − 9 − 4ks). Set f (k) = −k 2 + 6k and g(s, k) = −4s Therefore, g(s, k) has no roots for any natural numbers s and k. Hence, g(s, k) must always be negative. This means that for k ≥ 7, we always have
2 + 5s − 1. If s = 1, then f (1) + g(s, 1) > 0 and f (1) + g(s, 1) < 0, otherwise. Similarly, If s = 1, then f (2) + g(s, 2) = 0 and f (2) + g(s, 2) < 0, otherwise. Therefore, for s ≥ 2 we get N H (C 3 ) < 0, which is impossible. If s = 1, then k = 1, 2; that is, (s, k) = (1, 1) and (s, k) = (1, 2) are contradict to 2s + k − 2 > 3. It is easy to check that if k ∈ {3, 4, 5, 6}, then for any natural number s we always have N H (C 3 ) < 0. Hence for any natural number k, N H (C 3 ) < 0 and this is obviously a contradiction.
Next we assume that n 2s+k−2 ≥ 2. Then 2s
which implies that the pair (k, s) equals (1, 1), (1, 2), (2, 1), or (3, 1) . So we need consider the following four subcases: (1), (3) and (4), n 1 = 4, n 3 = 6 and n 2 = n − 10. Now, by (5) we get
If all of the degrees are 2, since H is connected, it is a cycle of length at least 5. On the other hand, in a 2-regular connected graph, 2(n + s − 1) n = 2, so s = 1, then H = C 3 , a contradiction. Hence H has some vertices of degree 1. Hence, all the vertices of H have either degree 1 or 2, which means that H is a path, and by (5) we get 2 = 0, which is impossible. (d) (k, s) = (3, 1). Therefore, 3 = d 1 (H) = d 2 (H). By (1), (3) and (4), n 1 = n 3 = 6 and n 2 = n − 12. Now, by (5) we have N H (C 3 ) = −3, a contradiction.
(2) n 2s+k−1 = 1. Then 2s + k − 1 = d 1 (H). By an argument similar to that for (6), we get the following:
Hence, n 3 = 2s + k − 2. Combining Equations (2) and (3), we find that the roots are n 1 = 2s + 2k − 3 and n 2 = n − 4s − 3k + 4. Now, from (5) it is easy to see that N H (C 3 ) = −k 2 + 5k − 6 − 4s 2 − 4ks + 12s 2 . We claim that
2 − 4ks + 12s and l(k) = −k 2 + 5k − 6, so N H (C 3 ) = l(k) + t(s, k). It is easy to see that l(k) is non-negative if k = 2 or 3 and is negative otherwise. If k ≥ 3, then t(s, k) < 0. Therefore, for k ≥ 3, N H (C 3 ) = l(k) + t(s, k) < 0, which is impossible. Consequently, there are two subcases to consider: (a) k = 1. Then N H (C 3 ) = −2s 2 + 4s − 1. For s ≥ 2, N H (C 3 ) < 0, an impossibility. If s = 1, then 1 = n 2s+k−1 = n 2 and also N H (C 3 ) = 1.
Then we have µ 1 (G) = µ 1 (G * ).
Lemma 3.7 ( [5]).
No two non isomorphic starlike trees are L-cospectral.
Let H be a path-friendship graph and let v be the maximum degree of H. Now, we remove an edge of any of triangles, except in edges adjacent to v, then we have a starlike tree, say, S(H). In the following, S(H) = (2s, t 1 , t 2 , . . . , t k ) is a path-friendship graph having s triangles and k paths with lengths t i , i = 1, 2, . . . , k.
Note that in the proof of Lemma 3.7, it have been shown that if S 1 = S(t 1 , ..., t k ) and S 2 = S(l 1 , ..., l k ) are two non-isomorphic starlike trees, then µ 1 (S 1 ) = µ 1 (S 2 ), where
Corollary 3.8. Let G = G(s, t 1 , t 2 , . . . , t k ) and H = H(s, l 1 , l 2 , . . . , l k ) be two pathfriendship graphs. If S(G) = (2s, t 1 , t 2 , . . . , t k ) and S(H) = (2s, l 1 , l 2 , . . . , l k ) are two non-isomorphic starlike trees, then µ 1 (S(G)) = µ 1 (S(H)). Proof. Assume that H is L-cospectral with G = G(s, k). If s = 0, then G is a starlike tree and so H has the same graph structure. Similarly, if k = 0, then G is a friendship graph, and hence H has the same property. We now assume that s, k > 0. By Theorem 3.5, H has exactly one vertex of degree greater than 2, say deg v = d > 2. Consequently, H − v has maximum degree at most 2. Furthermore, H − v can have no cycles since if it did, then H, being connected, there would be another vertex of degree greater than 2. Consequently, H − v must be a forest in which each component is a path. By the Corollary 2.8, H must have s triangles. Furthermore, it has no other cycles. It follows that H is a path-friendship graph with s triangles and k paths. Proof. Let G = G(s, t 1 , t 2 , . . . , t k ) be the path-friendship graph having s triangles and also k paths with lengths t i , i = 1, 2, . . . , k. Further, assume that H is a connected graph that is L-cospectral with G, but H ≇ G. By Theorem 3.9, H is a path-friendship graph, and has the same number of triangles as G, and also as many paths in its canonical form; that is, H = H(s, l 1 , l 2 , . . . , l k ). With the convention that the path-lengths are in non-decreasing order, we may assume that for some i, l i = t i . Now consider the starlike tree S(G) = (2s, t 1 , t 2 , . . . , t k ) with basic paths of the given lengths, and similarly S(H) = (2s, l 1 , l 2 , . . . , l k ). Then by Lemma 3.6, µ 1 (G) = µ 1 (S(G)) and µ 1 (H) = µ 1 (S(H)). However, we deduce from Corollary 3.8 that µ 1 (S(G)) = µ 1 (S(H)), and therefore µ 1 (G) = µ 1 (H). But this contradicts by this hypothesis that G and H are L-cospectral.
A consequence of this theorem is that the complements of path-friendship graphs are also DLS.
